A number of sharp geometric inequalities for polars of mixed projection bodies (zonoids) are obtained.
ated projection body. There are a number of open questions involving inequalities between the volume of a convex body and that of its projection body (see, for example, [27, p. 238; 28, p. 136; 39, p, 385] ). The general form of the Petty projection inequality that we will derive turns out to yield, among other things, strengthened forms of the classical inequalities between the volume of a convex body and its projection measures (Quermassintegrale).
We are especially interested in exploring the relation that exists between the Petty projection inequality and the Busemann-Petty centroid inequality [26] . This relation turns out to be quite surprising. It seems that the relation is very similar to the relation that is shown in [23] to exist between the Blaschke-Santaló inequality and the affine isoperimetric inequality of affine differential geometry.
Since interest in projection bodies is not confined to one discipline, we have attempted to make this article reasonably self-contained. Toward this end, we have restated some basic definitions and facts. In § §1 and 2 we collect, for quick reference, the facts we require later on. Nothing in § §1 and 2 is original, probably not even the presentation.
References for the material presented in §1 are Bonnessen and Fenchel [5] , Burago and Zalgaller [7] and Busemann [9] . References for the mixed area measures (considered in §2) are the original papers of Aleksandrov [1] and Fenchel and Jessen [15] . Introductions to mixed area measures can also be found in Schneider [37] , Burago and Zalgaller [7] , Busemann [9] and Leichtweiss [19] . Chakerian [10] is a good reference for the mixed brightness functions considered in §2. In §3, some inequalities are derived for polars of mixed projection bodies, analogous to the Aleksandrov-Fenchel and Minkowski inequalities. §4 deals with the centroid inequality of Busemann and Petty and some of its extensions. A good reference here is the article of Petty [26] . In §5, an inequality is obtained (which we call the polar centroid inequality) which is closely related to (but independent of) the Petty projection inequality and the Busemann-Petty centroid inequality. A general form of the Petty projection inequality is derived in §6. Here the relationship between the Busemann-Petty centroid inequality and the Petty projection inequality is examined.
In §7, some mixed projection integrals are introduced which are closely related to integrals considered by Chakerian [11, 12, 13 ], Chakerian and Sangwine-Yager [14] and Lutwak [21, 22, 24] (see also Burago and Zalgaller [7] ). By using the generalization of the Petty projection inequality obtained in §6, a geometric inequality is derived between the volumes of convex bodies and their associated mixed projection integral. A geometric inequality is obtained in §8 between the volume of a convex body and the harmonic mean of the lateral surface areas of its circumscribed right cylinders, similar to inequalities obtained by Chakerian [11] and Knothe [18] . 1 . Basic definitions and mixed volumes. The setting for this article will be n-dimensional Euclidean space Rn (n > 2). We use the term convex figure when referring to a compact convex subset of R™. The term convex body is reserved for convex figures with nonempty interiors. We will use K or K (possibly with subscripts) to denote a convex figure, exclusively. The space of convex figures in Rn endowed with the topology induced by the Hausdorff metric is denoted by Kn. We reserve the letter u (possibly with distinguishing marks) for unit vectors, the letters i,j,r for nonnegative integers, and A for nonnegative real numbers.
For a convex figure K, we use V(K) for the n-dimensional volume of K. The letter P is reserved for the unit ball centered at the origin. The surface of P is 5™_1, and the volume of P will be denoted by u>n.
Associated with a convex figure K is its support function h(K, ■) defined on Rra by h(K, x) = Max{z • y : y G K}, where x ■ y is the usual inner product of x and y in Rn. The support function h of a convex figure that contains the origin is a nonnegative real-valued function on Rn with the properties
Conversely, a nonnegative real-valued function on Rn satisfying properties (1.1) is the support function of a unique convex figure (that contains the origin). We will usually be concerned with the restriction of the support function to Sn~l. We will often define a convex figure by specifying its support function h on Sn~l. The homogeneous extension of h to Rn by setting h(0) = 0 and h(x) = \x[h(x/\x\), for x ^ 0, where | • | denotes length, is implied. For a convex figure K and a nonnegative scalar A, XK is used to denote {Ax : x G K}. If Ki,..., Kr are convex bodies, then the vector sum of Ki,..., Kr is defined by Ki +-1-Kr = {xi +-\-xr: xi G Ki,.. .,xr G Kr}.
Of basic importance is the way in which the support function behaves with respect to scalar multiplication and vector addition of convex bodies:
If if is a convex body that contains the origin in its interior, then we associate with K its radial function p(K, ■) defined on 5™_1 by p(K,u) = Max{A >0: XuG K}.
We recall that the polar coordinate formula for volume in R" is
where dS(u) denotes the area element of S""1 at u. If K is a convex body that contains the origin in its interior, then the polar body of K with respect to the (unit sphere centered at the) origin, K*, can be defined by (1.4) h(K*,u)=p(K,u)~l.
The verification that the homogeneous extension of h has the properties (1.1) is not difficult. The equality conditions in the Aleksandrov-Fenchel inequality are, in general, unknown (see [40] ). By repeated applications of the Aleksandrov-Fenchel inequality and final applications of the Minkowski inequality, the following inequality for convex bodies K¡,..., Kn in R™ is obtained:
with equality if and only if the K% are homothetic. If we take Kn -B in (1.7), we obtain
with equality if and only if the K% are balls. If, for 0 < i < n -1, we take Ki = • • • = Kn^i^i = K and Kn-i = ■ ■ ■ = Kn-i = P in (1.8), we obtain
with equality if and only if if is a ball. This is the classical inequality between the volume of a convex body and its projection measures. The case i = 0 is the isepiphanic inequality (between the volume and surface area of a convex body), while the case i = n -2 is the Urysohn inequality (between the volume and mean width of a convex body).
2. Mixed brightness.
The construction of the mixed area measures can be found in the classic works of Aleksandrov [1] and Fenchel and Jessen [15] . From 
Since h(B.u) = 1, from (2.1) it follows that (2.7) V{Ku...,Kn-UB) = -f dS(Ki,...,Kn_i;u).
n Js"-i
By combining (2.4) and (2.5) integrating both sides over 5n_1, interchanging the order of integration and using (2.7), one obtains (2.8) wn-1V{K1,...,Kn.1,B)=-f v(K?,...,KZ_i)dS(u). 
From (2.4) and (3.1), it is easy to see that n(ifi,..., ifn_i) must be a convex body that is symmetric with respect to the origin. If if i = ■ ■ ■ = ifra_i = P, then a simple calculation shows U(B,...,B)=wn^B.
From the corresponding properties of the mixed area measures (2.2) and (2.4) or from the corresponding properties of the (n -l)-dimensional mixed volumes and (2.3) or (2.5), it follows that n(ifi,...
,if"_i) is symmetric in its arguments, and that we have n(Aiif,,..., Xn^iKn_i) = Ai ■ • ■ A"_1n(if1,... ,Kn-i),
We use n*(ifi,... ,ifn_i) to denote the polar body of n(ifi,... ,ifn_i). If, for 0 < i < n, if i = • • ■ = ifn_i_¿ = if, while Kn^% = • • • = ifra_i = K, then n(if !,..., if"_i) will be written as n¿(if,if). If K = B, then n¿(if,P) is called the ith projection body of if and is denoted Hjif. We write noif as UK. Rather than (n¿if)* and (nif)*, we will simply write n*if and n*if, respectively. From (3.1) and (2.6), we have
If we use (1.4), (3.3) and the polar coordinate formula for volume (1.3), we obtain
If if, K are convex bodies in Rn and u G S™-1, then from the Minkowski (mixed volume) inequality, we have (3.5) v(Ku)n-2v(Ku) < vi(Ku,Ku)n-\ with equality if and only if if" and Ku are homothetic. For positive real numbers p, q such that p_1+ q~l = 1 and for positive continuous functions /,g on Sn~l, the Holder integral inequality [17, p. 140 
with equality if and only if fp and gq are proportional. The conditions for equality follow from the conditions for equality in (3.5) and a theorem of Siiss [44] (see also Aleksandrov [2] or Rogers [31] If we combine this with (2.1), change the order of integration and use (2.4) and (3.1) we obtain V(ifi,..., if"_i, if) = V(K\,..., X"_i, if ). A standard approximation argument (that makes use of the continuity of the mixed volumes) can now be used to obtain the same result for an arbitrary (convex body) if that is centrally symmetric.
As an aside we note that it is not difficult to show that if if i,..., ifr are convex bodies in Rn and Ai,. 
Centroid inequalities.
If if is a convex body with the origin in its interior, then associated with if is its centroid body [26] , with respect to the origin, Tif, defined by h(TK,u) = y-rj^r j \u-x\dx, where the integration is over the interior of if and dx is the volume element at x G K. For our purposes, the following equivalent definition of Tif (see [26] ) will be more useful: ( 
4.1) h(TK,u) = T-±--f \u-ü\p(K,ü)n+1dS(ü). (n+ l)V(K) JSn-i
It is easy to see that (the homogeneous extension of) h(TK, ■) has properties (1.1) and hence defines a convex body. It follows immediately from definition (4.1) that Tif is symmetric with respect to the origin. A simple calculation shows that rP = (2w"-i/(n+lK)P.
Let T(xi,... ,xn) denote the n-dimensional volume of the simplex in R" whose vertices consist of the origin and the points xi,... ,xn. Busemann [8, with equality if and only if if is an ellipsoid centered at the origin. Petty [26] has shown that if if is a convex body that contains the origin in its interior, then this inequality of Busemann can be viewed as an inequality between the volume of K and the volume of the centroid body of if. Specifically, Petty has proved that if if is a convex body that contains the origin in its interior, then
with equality if and only if if is an ellipsoid centered at the origin. We will refer to this inequality as the Busemann-Petty centroid inequality. We note that the convexity of if is not an essential feature of the BusemannPetty centroid inequality (see [26] ); however, we shall restrict our attention to inequalities between convex bodies.
If we combine inequality (1.7) with the Busemann-Petty centroid inequality, we obtain an inequality which we will refer to as the general centroid inequality: For the equality conditions, we need merely observe that if E is an ellipsoid centered at the origin, then TE is homothetic to (in fact, a dilation of) E.
A special case of this inequality which is closely related (as will be seen later) to the projection inequality of Petty is given in 
Polar centroid inequalities.
We now derive a polar inequality which is related to but will be derived independently of the general centroid inequality (Theorem (4.3) ).
Let ifi,..., ifn be arbitrary convex bodies in R", such that if" contains the origin in its interior. From (2.1), we have V(if1,...,if"_1,rifn) = -/ h(TKn,u)dS(Ki,...,Kn-i;u).
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If we combine this with (4.1), we obtain
We interchange the order of integration, use (2.4) and obtain
n Jsn-i
If in the Holder inequality we take p = (n + l)/n, q = n + 1, We will refer to the inequality of Theorem (5.2) as the polar centroid inequality. We note, again, that while the polar centroid inequality is related to the general centroid inequality, it is easily obtained without reference to the general centroid inequality or the Busemann-Petty centroid inequality. Of interest is the special case Kn = P of the polar centroid inequality: The case i = 0 of Corollary (5.5) can be found in Petty [28] .
The case of the polar centroid inequality with ifi = ••• = ifn_i = if and if" = if is another inequality related to the Petty projection inequality that will be needed later: (5.6) COROLLARY. If K and K are convex bodies in Rra and K contains the origin in its interior, then
with equality if and only if K is a dilation ofU*K.
As an aside we note that if can be a dilation of n*if only if if is symmetric with respect to the origin. For K symmetric with respect to the origin, Petty [28] has shown that the requirement that K be a dilation of n*if is equivalent to the requirement that if have constant relative brightness with respect to if (relative brightness in the sense of [28] rather than in the sense of [10] ).
If we take ifn to be n*(ifi,... ,Kn-\), we obtain equality in Theorem (5.2), and hence we have (5.7) COROLLARY. i/ifi,...,if"_i are convex bodies in R™, then V(Ki,..., Kn-i,Tn*(Ku..., Kn-i)) = 2/(n + 1). 6 . Polar projection inequalities. By using Corollary (5.7) a general form of the Petty projection inequality is now easily obtained by taking ifn to be n*(if i,..., if"_i) in the general centroid inequality. We will refer to this inequality as the polar projection inequality. To obtain the equality conditions in the polar projection inequality from the equality conditions in the general centroid inequality, and for later use as well, we require the following trivial result. PROOF. Since the El are homothetic ellipsoids, there exists an ellipsoid E, centered at the origin, such that for all i, Et = x% + A¿P. Let T be the central unimodular affinity that maps E into a ball. It follows trivially, since TE is a ball, that TE is a dilation of \\*TE. However, WTE = TU*E (see, for example, Theorem 3 in [27] ). Since TE is a dilation of TWE, E must be a dilation of WE.
From ( This inequality was obtained by Petty [28] . As shown by Petty (and as can be seen by looking at Corollary (5.5) with i = 0), this inequality makes a stronger statement than (implies) the classical isepiphanic inequality (between the volume and surface area of a convex body), unV{K)n-1 <Wr(K)n, with equality if and only if if is a ball. The Petty projection inequality was used to obtain a number of consequent geometric inequalities in [24] . Schneider [41] has recently found a surprising application of the Petty projection inequality to an extremal problem in stochastic geometry.
We note that if one starts with the Petty projection inequality, then another way to obtain the polar projection inequality (along with the conditions for equality) is to combine Theorem (3.8) with the Petty projection inequality. The advantage of the former method is that one need not start with the Petty projection inequality, but rather, one obtains the Petty projection inequality as a special case.
The relation between the Busemann-Petty centroid inequality and the Petty projection inequality turns out to be quite surprising. The derivation in [28] of the Petty projection inequality uses, among other things, the Busemann-Petty centroid inequality. A quick proof of the Petty projection inequality (with the conditions for equality) can be obtained by combining the Minkowski (mixed volume) inequality and the Busemann-Petty centroid inequality to obtain Corollary (4.4), and then taking K to be n*if. (We note that this choice for K is precisely the one that will yield equality in Corollary (5.6).) What is quite surprising, however, is that if we were to start with the Petty projection inequality and combine it with the polar centroid inequality of Corollary (5.6) (which depends only on the Holder inequality), we would obtain, in turn, the general version of the Busemann-Petty centroid inequality of Corollary (4.4), along with the conditions for equality. This parallels very closely the relation that is shown in [23] to exist between the affine isoperimetric inequality of affine differential geometry [3] and the Blaschke-Santaló inequality [30, 32, 33 ] (see also [38] ).
If for 0 < i < n -1, we take ifi = (6.5) COROLLARY. If K is a convex body in R", 0 < i < n -1, and p > -n,
with equality if and only if K is a ball.
The case i = 0 of Corollary (6.5) can be found in [24] . We note that the case p -1 in Corollary (6.5) gives the classical inequalities (1.9) between the volume of a convex body and its projection measures (viz. (2.9)). Because of Jensen's inequality, all of the cases with -n < p < 1 are strengthened versions of the classical inequalities between the volume of a convex body and its projection measures.
The original motivation for much of the work presented in this article came from a desire on the part of the author to obtain the result given in Corollary (6.5).
The polar projection inequality was obtained by using the general centroid inequality. However, we note that if we were to start with the polar projection inequality and combine it with the polar centroid inequality, we would obtain, in turn, the general centroid inequality, along with (by using Lemma (6.2)) the equality conditions. 7. Mixed projection integrals. For convex bodies Ki,...,Kn in Rn and a fixed integer r with 0 < r < n, we define the rth mixed projection integral of ifi,...,if"by (7.1) ir(if1,...,ifn) = U^-f wr(Kui)---wr(K^)dS(u).
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For ifi = • ■ • = ifn = P, a trivial computation shows that Ir(B,...,B)=Un-r-1.
We require a form of the Holder inequality [17, p. 140 ] that states that for positive continuous functions /i,... ,/n on S"-1, with equality if and only if all pairs /¿, fj are proportional. For 0 < r < n -1, we take fi(u) = wr(iflu)~1, apply the Holder inequality, use (3.4) and obtain (7.2) <v(n;Ki)--v(n;Kn), If we combine (7.2), (7.3) and Corollary (6.4), we obtain The case r = 0 of Theorem (7.4) was obtained in [24] .
8. Circumscribing cylinders inequality. For a convex body if and a direction u G Sn~l, let Vk(u) and Sk(u) denote, respectively, the volume and lateral surface area of the right cylinder circumscribed about if with bases orthogonal to u. Knothe [18] for n = 3 and Chakerian [11] for n > 3 derived inequalities between the volume of if and the arithmetic mean of Vk (u), and between the surface area of if and the arithmetic mean of Sk(u). In [24] an inequality was obtained between V(if) and the harmonic mean of Vk(u). We now derive an inequality between V(K) and the harmonic mean of Sk(u).
By definition we have 
